Abstract. We prove a conjecture of Ben-Akiva and Lerman (1985) regarding the random utility representation of the nested logit model, using a result of Pollard (1948).
Ben-Akiva (1973) introduced the nested logit model in his PhD thesis. In the light of McFadden's (1978) theory of generalized extreme value distribution, one may view the nested logit model as a choice model over various alternatives j ∈ J = n∈N J n , where n ∈ N is a nest, and J n is the set of altenatives in nest n. The utility associated with alternative j in nest n will be U nj + ε nj , where U nj is the deterministic ("systematic") part of the utility and ε nj is a random utility term. The nested logit model specifies that the random vector (ε nj ) has cumulative distribution function (c.d.f.) F ε given by
where λ n ∈ (0, 1] is a measure of how correlated the random utility terms are whithin nest n, λ n = 1 meaning full independence, and the limit λ n → 0 meaning perfect correlation whithin the nest. As pointed out in McFadden (1978) , the correlation between random utility terms whithin nest n is not given by 1 − λ n . The correct formula for the correlation and Lerman (p. 282) conjectured that there is a probability distribution P λ over the real line such that if ǫ ∼ G and η ∼ P λ are independent, then λǫ + η has distribution G. This conjecture allowed them to derive the correlation structure between the random utilities whithin a nest. Our main result is to prove this conjecture, namely show the existence of this probability distribution P λ .
Theorem. There is a unique probability distribution P λ such that if random variables ǫ ∼ G and η ∼ P λ are independent, then
Proof. Let us first show uniqueness. Suppose η ∼ P λ is a random variable such that for if ǫ ∼ G is idependent from η, then λǫ + η ∼ G. The c.d.f. of λǫ + η is thus given by
hence, using independence, E P λ [exp (− exp ((η − x) /λ))] = exp (− exp (−x)). Letting Z = exp (η/λ), and t = exp (−x/λ), this yields
hence the distribution of Z, whose moment generating function is imposed, is at most unique. Existence follows in turn from Pollard (1948) , using a lemma in Bochner (1937) , who shows that there exists a positive density of probability φ λ (z) such that
As a result, we can deduce the moments of η, as done in Ben-Akiva and Lerman (1985),
the moment generating function of P λ is given by
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As a result, we can provide rigorous ground for Ben-Akiva and Lerman's heuristic representation of the nested logit model, which we recall in the following proposition. Note that the correlation structure was first rigorously derived by Tiago de Oliveira (1958) using very different techniques, see also p. 266 of his 1997 book.
Proposition. If (ε nj ) is a random vector distributed according to the nested logit distribution (1), then one can represent ε as ε nj = λ n ǫ nj + η n where ǫ ni ∼ G and η n ∼ P λn are all independent. In particular, the correlation between ε nj and ε n ′ j ′ is 1 − λ
But max j∈Jn {−a nj + λ n ǫ nj } has the same distribution as λ n log j∈Jn exp −a nj λn + λ n ǫ n where ǫ n has a Gumbel distribution and the ǫ n and the η n terms are all independent. Hence the c.d.f. of λǫ + η is Pr   λ n ǫ n + η n ≤ −λ n log j∈Jn exp −a nj λ n ∀n ∈ N   which, as (λ n ǫ n + η n ) are i.i.d. with distribution G, is the same as expression (1), QED.
